Abstract. We introduce a new invariant, the straight number of a knot. We give some relations to crossing number and petal number. Then we discuss the methods we used to compute the straight numbers for all the knots in the standard knot table and present some interesting questions and the full table.
Introduction
Knot diagrams are most commonly drawn with the minimum number of crossings. This is how they appear in the knot table in Rolfsen [6] which is often referred to as the standard knot table. Other common ways of presenting knots are with braids closures, in bridge position, thin position, and numerous others. Recently, Adams et al. introducedübercrossing and petal diagrams [1] . From most of these presentations of diagrams, invariants are created which are interesting in their own respect and useful for relations to other invariants and can help us understand properties of knots. In this paper, we introduce a new presentation for a knot diagram, called straight position and two new invariants, the straight number and the contained straight number.
Gauss is said to have known the following fact, which is presented by Adams, Shinjo, and Tanka in [2] . Theorem 1.1. [2, Theorem 1.2] Every knot has a projection that can be decomposed into two sub-arcs such that each sub-arc never crosses itself.
From this result, via a planar isotopy, one can produce a diagram with a single straight strand that contains all of the crossings. By convention, we will draw this straight arc horizontally.
For precise definitions of the following terms, see Section 2. Once a diagram with n crossings is in this straight position, we start at the left of the straight strand and move right, labeling the crossings 1 through n. From the right end of the straight strand, if we were to then list the crossing numbers we encounter if we were to continue traversing the knot, we will get an n-tuple, with each number 1 to n appearing once, until we reach the beginning of the straight strand again. We call this list the straight word and the minimum number of crossings n possible for a knot K to have while in straight position is the straight number of the knot, str(K). From here, we can produce a variation on straight knots, called contained straight knots, where we only look at diagrams which do not have arcs that pass around the side of the straight strand. Again, the minimum number of crossing Figure 8 knot, being drawn so that the grey and the black arc never cross themselves. The last diagram is obtained by bending the grey arc so it is straight, pulling the black arc and all crossings with it. The first 3 diagrams of this figure are from [2] . a knot diagram can have in contained straight position is the contained straight number, cstr(K).
A common question in knot theory is how invariants relate to each other. Here, we present a bound on straight number, from the crossing number. Theorem 3.2. If K is a knot with crossing number c(K) = n, then str(K) ≤ 2 n−1 − 1.
We have found a linear bound between straight number and contained straight number and the petal number of a knot, p(K). Theorem 3.5.
(1) Given a knot K with str(K) = n, then p(K) ≤ 3n.
(2) Given a knot K with cstr(K) = n, then p(K) ≤ 2n + 3.
As with Gauss Codes and DT codes, we must consider when these straight words produce classical knots or virtual knots. Theorem 4.2. There exists an algorithm which can detect if a straight code is realizable as a classical knot.
We implement this algorithm in a python script and use the program SnapPy, [4] by Culler, Dunfield, Goerner, and Weeks to identify the knots we obtain this way. From this, we have calculated the straight number and contained straight number of the standard table of knots with 10 or fewer crossings. These results are in a table at the end of the paper.
In the next section, we introduce relevant definitions. In section 3, we find some relations to other invariants and in section 4, we discuss the calculations and algorithm mentioned in the previous paragraph.
Notation
We assume the reader is familiar with the basics of topology and knot theory, see [5] and [6] for background. Given a knot diagram, pick a point on the knot, which is not a crossing, pick a direction and traverse along the knot. As we come to the first crossing, we label it '1' and continue on, labeling each crossing we encounter with the next consecutive number. If a crossing has already been labeled, we skip it and move on. This will result in an n crossing knot with each crossing labeled once by the numbers 1 through n. If we start at the same point and direction and then list the numbers of the crossings in the order we reach them, we produce a 2n-tuple.
Definition 2.1. The knot word of a diagram is the 2n-tuple we obtain by following the above description.
A quick note about knot words: For an n crossing diagram, there are 4n knot words, which we obtain by picking one of the 2n segments of arcs between the crossings and then one of the 2 directions to travel. These are related by a cyclic permutation or by reversing the order.
Using the definition and Theorem 1.1, there is a reasonable choice of starting position and direction at the beginning of one of the two colored arcs. This means that our knot word will be of the form (1, 2, 3, . . . , n − 1, n, σ(1), σ(2), σ(3), . . . , σ(n − 1), σ(n)).
Definition 2.2.
A knot diagram is straight if it has a straight word of the form
where σ is an element of the symmetric group on n elements, S n . The straight word of a straight diagram is the n-tuple (σ(1), σ(2), σ(3), . . . , σ(n − 1), σ(n)).
The process required to make a knot straight can increases the number of crossings in the diagram. Thus, we make a new invariant which captures this distinction. Definition 2.3. The straight number of a knot K, str(K), is the minimum n such that K has an n crossing straight diagram.
This definition is well defined by Theorem 1.1, that is, every knot has a diagram that is straight. Then a knot is said to be in straight position if we draw the diagram so that the crossings all occur on a single horizontal strand. This makes the second subarc consist of only semicircles, with their centers on the straight strand. Thus, we have the following. Theorem 2.4. Every knot has a diagram that is composed of a single straight strand and collection of semicircles, all with their centers on the straight strand.
We can make another definition by considering the number of times our knot must pass from the top of the diagram to the bottom but does not cross the straight strand. To do this, the arc must cross the extended straight strand, which is obtained in the diagram by continuing the horizontal segment that is the straight strand, though not including it. See Figure 2 .
Definition 2.5. The contained straight number of a knot K, cstr(K), is the minimum n such that K has an n crossing straight diagram where no arcs cross the extended straight strand. It is somewhat surprising that every knot has a contained straight position diagram. But first, we notice a useful fact. Given a knot, find a diagram in straight position. Assume there are arcs crossing the extended straight strand. Call these arcs uncontained arcs and the other arcs call contained arcs and let u and c be the number of each type of these arcs in the diagram, respectively. Note that any arc that crosses the extended straight strand twice does not have to cross it at all. Reposition the other uncontained arcs so they all cross the left side of the extended straight strand. The last two sentences can be seen as isotopy of the diagram on the sphere, see Figure 3 and 4. Then every uncontained arc is made up of two semicircles and the contained arcs are a single semicircle. Every contained and uncontained arc contributes exactly one crossing to the diagram, except the last arc, which is guaranteed to be contained, thus there are c + u − 1 crossings in this diagram. Proof. Given a diagram in straight position, the left end of the straight strand connects to a contained arc. Delete this arc and extend the straight strand to the left crossing all the uncontained arcs. Make all these new crossings over crossings. Along with Fact 2.6, notice that there are now c + 2u − 1 crossings and c + 2u − 1 semicircles. We must now reconnect the knot with only over (or under) crossings to not change the type of knot.
Make a graph by placing a vertex in each region of the diagram. There is one region for each semicircle and one more for the unbounded region, c + 2u. Add an edge to the graph between two vertices if the regions are adjacent through a segment of the straight strand. There will be one edge added to the right of each crossing, c + 2u − 1. This graph is connected, for if it were not, there would be a collection of regions which are not connected to the rest, which would imply that all the regions the vertices of this disjoint subgraph represent are only adjacent through semicircles and not the straight strand. But this must be the same above and below the straight strand, and therefore we would have a circle, which makes our diagram a link, a contradiction. A well known theorem from graph theory is that any graph which is connected and has one less edge than it does vertices, is a tree. Therefore, there is a unique path from the region where we deleted the arc to the unbounded region that passes only through the straight strand. Once in the unbounded region, we connect the diagram to the left side of the straight strand, and make all new crossings over (or under) crossings, finishing the proof.
Once one knows the definitions of these invariants, it is clear that for any knot K,
where c(K) is the minimum crossing number.
Thus, a knot which has a minimum crossing diagram where we can meet every crossing before coming to a crossing for the second time, is perfectly straight. Now, we discuss how many arcs can be uncontained in a straight diagram with n crossings. Lemma 2.9. Given a nontrivial knot K with str(K) = n, there are at most n − 3 uncontained arcs and at least four contained arcs.
Proof. By convention, we draw our straight strand from left to right, and then draw the first semicircle above the straight strand. This arc never has to be uncontained, see Figure  5 . We could merely draw the first semicircle on the bottom first and then flip the diagram over the straight strand. With a straight diagram with n crossings, if the first crossing in the straight word is n, it is a nugatory crossing and can be removed. The crossing cannot be n − 1 since this will produce a non-realizable straight word, see Figure 6 . Thus, the largest the first entry in the straight word can be is n − 2. Hence, the first semi-circle is a contained arc and any arcs inside the first semi-circle must also be contained. And there is at least one arc inside the first semicircle. Through a similar argument, we have two contained arcs at the beginning of the straight strand, but these may be on the top or on the bottom. Thus, we have shown that there are at least four contained arcs, i.e., c ≥ 4. Let u be the number of uncontained arcs and c the number of contained arcs. By Fact 2.6, u + c − 1 = n and thus c = n + 1 − u. Since c ≥ 4, we have n + 1 − u ≥ 4 and therefore u ≤ n − 3.
Note that this bound is sharp. In fact, the figure-8 knot achieves this and generalizes for every n = 4 + 3i, for any i ≥ 0. See Figure 7 for examples of knots with i = 0 and i = 1. One should also ask how straight number behaves under connect sum. Clearly, we have str(K#J) ≤ str(K) + str(J), and similarly for contained straight number, but we have no lower bound, but we can guess at one. Indeed, straight position might have enough structure to prove what we have yet to show in crossing number. Conjecture 2.10. Given any two knots K, J, str(K#J) = str(K) + str(J) and cstr(K#J) = cstr(K) + cstr(J).
Relation to other Invariants
If a given knot is not perfectly straight, we would like to know how many new crossing we are forced to introduce to put the diagram in straight position.
Lemma 3.1. Given a knot diagram, let m be the maximum number of crossings we can find before we meet a crossing the second time and let r be the remaining number of crossings. Then str(K) ≤ 2 r (m + 1) − 1.
Proof. For a given knot K, with c(K) = n, let m be the maximum number of crossings in a row we can find that have no duplicates. Let r = n − m be the remaining number of crossings. Draw the diagram as straight as possible, which will yield m straight crossings from left to right, then the remaining r crossing are not on the straight strand. From the end of the straight strand, our knot must cross some subset of the previous m crossings before reaching the remainders. If it did not, m would not be the maximum number of crossings we can find before we meet a crossing the second time. If the path to the first remainder crossing passes more than half of the m straight crossings, relabel the diagram so that we start at the right of the straight strand and the m-th crossing is at the left. Then we have to pass no more than half of the straight crossings to get to the new first remainder crossing.
The first remainder crossing has two arcs, let x be the arc that we followed from the end of the straight strand, and y be the other. Perturb the arc y and push the arc back along x crossing the straight strand until the crossing is on the straight strand. We introduce two crossings each time we pass the straight strand, we increase m by one for this crossing and decrease r by one. But we passed at most m/2 crossings on the straight strand. Hence, we now have at most m + 2 m 2 + 1 = 2m + 1 crossings on the straight strand and r − 1 remaining crossings. Repeating this process, but with the new number of straight crossings, we have 2(2m + 1) + 1 = 2 2 m + 2 2 − 1 straight crossings and r − 2 remaining. Repeating r − 2 more times gives us our result.
Given any knot, we can see that there is a reduced diagram with m ≥ 3, and thus r = n − 3. This gives us the following result.
Clearly, we can almost always find much higher values for m for a specific diagram, but it seems challenging to increase m in a significant way for all diagrams. Almost surely it can be increased to five without too much trouble and it would be very interesting to do give a value for m in terms of n, if possible. It would also be valuable to find a non exponential bound for straight number in terms of crossing number, if one exists.
While it appears likely that straight number behaves well under connect sum, it seems very unlikely that it does so under the operation of creating satellites. Imagine a satellite of index m > 1. This will mean we have m strands running along what used to be the straight strand, with m strands crossing the m straight strands. To succeed in putting this knot into straight position, we expect a very high number of crossings that needs to be introduced. It is unlikely that the bound in Theorem 3.2 is sharp, we expect satellite knots are a class of knots which come close.
Proof. Consider u, the number of uncontained arcs and the number of crossings, n. We know that u ≤ n − 3 and we make a new crossing for each uncontained arc and then there are no more than 2n − 3 crossings, by Lemma 2.9. Reconnecting the knot can at worse double the number of crossings since we will only go between any two adjacent crossing at most once.
In [1] , Adams et al. define the petal projection of a knot and the associated invariant, the petal number of a knot, p(K). Here we give some relations between petal number and straight number. Proof. Given a diagram with u uncontained arcs and c contained arcs, let the diagram lie in the x, y-plane, where the straight strand corresponds to the x-axis. We can perturb the straight strand slightly to keep all midpoints between every adjacent pair of crossings fixed and push the segments between the straight strand up into the positive z direction if the straight strand was the overarc of the crossing, and down into the negative z direction if the straight strand was the underarc. If there are two adjacent semicircles in a row that are both in the positive or negative z direction, combine them into a single semicircle. Repeat this last step until all semicircles we create from the straight strand alternate from the positive z direction to the negative. This process creates at most one new semicircle for each crossing. Hence, u + c − 1 new semicircles. Now, if we look down the x-axis, we would see a plus-shaped profile where the straight strand semicircles lie in the z direction and the contained and uncontained arcs live in the y direction. We start with the straight strand's semicircles in the z direction. We let the first semicircle's edge stay stationary along the positive or negative z-axis, and rotate the rest of the semicircle to form a petal. Then we pass through the x-axis to the diagonal quadrant in the y, z-plane and continue rotating all the semi circles slightly as we traverse the straight strand, until we have petals that fully fill the two diagonal quadrants. This will create at most u + c − 1 petals. At the last semicircle of the straight strand, we will be tangent to the y-axis. Either the first contained arc from this the end of the straight strand will continue in the same direction or the opposite direction. If necessary, we add in a petal in the new quadrant, so they are compatible directions. Then continue rotating all the semicircles of the uncontained and contained arcs. This will fill the remaining two quadrants. To finish the knot, we may need to add in another petal when we reach the last arc similar to the end of the straight strand. This gives us at most 2u + c + 2 petals that we added in second pair of quadrants. Hence, over all the quadrants, there are at most 3u + 2c + 1 petals.
The next theorem comes directly from applying Lemmae 3.4 and 2.9 and the definition of a contained straight knot. Theorem 3.5.
Computation
There are of course, elements of the symmetric group S n which do not give a straight word that is realizable. Similar to Gauss codes and DT codes, many straight codes will produce virtual knots. Before we give the main theorem of this section, we give a simpler version for contained straight knots.
Theorem 4.1. Given a word of length n, there exists an algorithm which can detect if it is realizable as a contained straight knot in
Proof. Let w = (x 1 , x 2 , . . . , x n ) be a list of the n integers from 1 to n. To determine if w is a contained straight word, we must check that the word is realizable as a classical knot or a virtual knot. Since we are assuming that there are n crossings, from the length of w, the virtual crossings will only occur when two semicircles intersect. We also assume that there are no uncontained arcs in our diagram. Let us assume the diagram lives in the x, y-plane with the straight strand on the x-axis starting at x = 0 and ending at x = n + 1. Then the crossings are at x = i for i ∈ {1, 2, . . . , n}. Thus, the first semicircle, by convention is above the straight strand, has endpoints at n + 1 and x 1 , which we will write as [n + 1, x 1 ]. Then we have crossed the straight strand, and will make another semicircle on the bottom with endpoints [x 1 , x 2 ]. Continuing this until we have made all the semicircles, we will have a set of circles on top, C top and bottom, C bot . Then
. .}, and the last semicircle [x n , 0] will be on the top or bottom depending on the parity of n.
With this setup, all we must do is check whether the semicircles in C top intersect each other and similarly in C bot . Each pair of semicircles are either nested, adjacent, or intersecting. The only one of these options that would imply our word is not contained straight knot is if the circles intersect. Then using the cross ratio, cr, on the endpoints of the semicircles will will produce either a positive or negative number. If the semicircles are intersecting, the cross ratio will be negative and otherwise the cross ratio is positive.
)(x 4 − x 1 ) Therefore, we just check all the pairs in C top and C bot with the cross ratio and if we only have positive values, we have verified that w is realizable as a contained straight knot.
To see that the algorithm described above runs in quadratic time, note that there are n+1 semicircles and these are either on top or bottom, hence #C top = ⌈ . Thus, in total, we need
instances of using the cross ratio, which reduces to
for n odd and n 2 4 for n even. Theorem 4.2. There exists an algorithm which can detect if a straight code is realizable as a classical knot.
Proof. Let w = (x 1 , x 2 , . . . , x n ) be a list of the n integers from 1 to n, where we ignore whether a crossing is over or under. First, we run the same algorithm from Theorem 4.1. If it completes, we are done. If the word is not contained straight, then it may have uncontained arcs. There is at most n−3 uncontained arcs in a straight word of length n. We denote these by inserting a negative number in our straight word, to signify going around the straight strand on the left. This will let the uncontained arc which is two semicircles be distinguished as such in the word.
For example, with the word (2, 1, 4, 3) , we think of the first semicircle as [5, 2] coming from the end of the straight strand, which will intersect the semicircle [1, 4] if they are both contained. So, we add a negative number to between 1 and 4 to signify crossing the extended straight strand. The number we insert will always be the negative of the minimum of the previous crossing and the next crossing. Thus, for this example, −1. So we augment our word with this new number: (2, 1, −1, 4, 3) . Thus, we have the semicircle [1, −1] on top and [−1, 4] on the bottom. Now, we run the algorithm from Theorem 4.1 again. We repeat this process for every possible position and number of uncontained arcs in our word. One of these positions will pass this algorithm if and only if the word is realizable as a classical knot.
Note, that we will never have a situation where we will augment the word with the same negative number at two points in our word, i.e., the negative number we augment our word with is completely determined by its neighbors. 
.).
Each of the parts of the following theorem are easily verified. Theorem 4.3.
(1) Every torus knot T 2,q is perfectly straight. (2) Every n-pretzel knot is perfectly straight. (3) Every 2-bridge knot K p/q where the continued fraction of p/q has length less than 6 is perfectly straight. (4) Every knot with 7 or less crossings is perfectly straight.
We have constructed a python script which runs with the program SnapPy. This script enumerates all the possible straight words, with some obvious conditions to cut down the number of these words. Then we fed them to SnapPy which identified them for us. The words which resisted identification were few and were tackled from other directions. The result is the following list of the straight number of all the knots in the standard Rolfsen table. Note that here, the negatives in the straight words correspond to the contained and uncontained arcs being under the straight strand, contrary to what negatives represent in Theorem 4.2.
Some interesting points about the results in Table 1 , we notice that there are gaps in contained straight number at even numbers. For example, there are no knots with contained straight number 4 or 6, and there are only three knots with contained straight number 8. Does this trend continue? Next are some more in depth questions. Note that the largest number to appear in this table is cstr(10 123 ) = 15. The knot 10 123 can be obtained by taking the torus knot T 5,3 , which happens to be 10 124 , and making it alternating. Will this process of making large torus knots alternating produce knots which have the largest gaps between straight number and crossing number? 
